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Abstrat
We review our reent formulation (with A. Delroix, S. Pilipovi¢ and V. Val-
morin) of Colombeau type algebras as Hausdor sequene spaes with ultra-
norms, dened by sequenes of exponential weights. We extend previous re-
sults and give several new perspetives related to ehelon type spaes, possible
generalisations, asymptoti algebras, onepts of assoiation, and appliations
thereof.
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1 Introdution
Colombeau's New Generalized Funtions [1℄ are today the most widely used asso-
iative dierential algebras ontaining the δdistribution. Their topology is studied
sine the late 1990s [3℄, and investigation in topologial duals of suh spaes is now
emerging as important topi of researh in this eld.
We dene suh algebras right from the start as spaes with ultranorms [5, 4℄,
whih is natural and espeially useful for pratial use of the topology, with no need
for valuations. Our onstrution allows for algebras ontaining ultradistributions and
periodi hyperfuntions [6℄. Without speializing to a onrete spae, we dedue gen-
eral results about ompleteness, embedding of duals and funtoriality, and generalize
known onepts of assoiation, revealing aspets of the underlying struture rather
hidden in other approahes. Our approah also shows better the lose link with the
lassial theory of sequene spaes.
2 The basi onstrution
Consider a sequene r = (rn)n ∈ (R+)
N
dereasing to zero. For a seminorm p on an
R or Cvetor spae E, this denes a map ||| · |||p,r : E
N → R+ = [0,∞],
f = (fn)n 7−→ ||| f ||| = ||| f |||p,r = lim sup
n→∞
(
p(fn)
)rn
.
Lemma 2.1 (a) If 0 < lim inf p(fn) ≤ lim sup p(fn) <∞, then ||| f ||| = 1.
(b) For all f, g ∈ EN, λ ∈ C∗ : ||| f + g ||| ≤ max(||| f |||, ||| g |||) and |||λf ||| = ||| f |||.
() If E is a topologial algebra, then ||| f · g ||| ≤ ||| f ||| · ||| g |||.
Proof. As lim rn = 0, we have lim k
rn = 1 for any k > 0, thus (a). Writing p(λfn) ≤
|λ| p(fn) and p(fn+gn) ≤ 2max(p(fn), p(gn)), we have (b), and using ∃C > 0 ∀x, y ∈
E : p(x y) ≤ C p(x) p(y), we get () in the same way. 
1
Denition 2.2 The rgeneralized semi-normed spae (E, p) is the fator spae
Gr(E, p) = Fr(E, p) /Kr(E, p), where
Fr(E, p) =
{
f ∈ EN | ||| f |||p,r <∞
}
, Kr(E, p) =
{
f ∈ EN | ||| f |||p,r = 0
}
.
Proposition 2.3 The map ||| · |||p,r denes a pseudometri dp,r on Fr(E, p), making
it a topologial ring, if E is a topologial algebra. As Kr(E, p) is the intersetion of
neighborhoods of zero, Gr(E, p) is then the assoiated Hausdor topologial ring, on
whih dp,r is well-dened and an ultrametri.
Proof. This is a diret onsequene of the Denition and preeding Lemma. 
Example 2.4 For E = C and p = | · |, we obtain the ring of rgeneralized
omplex numbers, Cr = Gr(C, | · |). For rn =
1
logn (n > 1), this are Colombeau's
generalized numbers C˜, sine lim sup |xn|
1/ logn <∞ ⇐⇒ ∃γ ∈ R : |xn| = o(n
γ),
and lim |xn|
1/ logn = 0 ⇐⇒ ∀γ ∈ R : |xn| = o(n
γ).
The hoie rn = n
−1/m
(with m > 0), leads to ultraomplex numbers C
p!m
.
Proposition 2.5 The spaes Gr(E, p) (resp. Fr(E, p)) are topologial algebras over
the generalized numbers (resp. over Fr(K, | · |)) equipped with ||| · |||topology, but they
aren't topologial vetor spaes over the eld K = R or C.
Proof. This is seen by observing that Lemma 2.1-() also holds for f ∈ CN, while
Lemma 2.1-(b) implies that |||λ f ||| does not go to zero when λ→ 0. 
Example 2.6 To obtain rgeneralized Sobolev algebras GW s,∞(Ω) =
Gr
(
W s,∞(Ω), ps,∞
)
, we hoose E = W s,∞(Ω) with norm ps,∞ =
∑
|α|<s
‖∂α · ‖L∞ .
This generalizes to any normed algebra.
Theorem 2.7 ((equivalent sales)) If r = (rn)n, s = (sn)n derease to zero
suh that s = O(r), then Fr(E, p) ⊂ Fs(E, p), Ks(E, p) ⊂ Kr(E, p). In par-
tiular, if lim
n→∞
sn
rn
= C ∈ R∗+, then ||| f |||p,s = (||| f |||p,r)
C
, and thus Fs(E, p) =
Fr(E, p), Ks(E, p) = Kr(E, p) and Gs(E, p) = Gr(E, p).
Proof. If sn = cn rn with lim sup cn = C ∈ R
∗
+, we have log ||| f |||p,s =
lim sup(sn log p(fn)) = lim sup(cn rn log p(fn)) ≤ C lim sup(rn log p(fn)) =
C log ||| f |||p,r, where we assumed lim log p(fn) ≥ 0, i.e. ||| f ||| ≥ 1. Otherwise, ≤ must
be replaed by ≥, leading to the inverse inlusion for K. 
Remark 2.8 ((relation to Maddox' sequene spaes) ) Our spaes
Kr(C, |·|) and Fr(C, |·|) are the same as c0(r) =
⋂
k∈N
{
x ∈ CN | lim |xn| k
1/rn = 0
}
and ℓ∞(r) =
⋃
k∈N
{
x ∈ CN | sup |xn| k
−1/rn <∞
}
, introdued in [7, 8℄ and
studied extensively by Maddox and his students [9, 10℄. To see this, observe that
∃k ∈ N : sup |xn| k
−1/rn < ∞ ⇐⇒ ∃k : lim sup |xn|
rn ≤ k ⇐⇒ |||x |||r < ∞, and
∀k : lim |xn| k
1/rn = 0 ⇐⇒ ∀ε > 0 : |xn| = o(ε
1/rn) ⇐⇒ |||x |||r = 0.
These spaes belong to the lasses of ehelon resp. o-ehelon spaes. As we al-
ways require lim rn = 0, both are Montel and Shwartz spaes. While the ited work
on sequene spaes is restrited to (C, |·|), our studies onern more general spaes.
However, most of the spaes onsidered in the sequel an be written as intersetion
and/or union of ehelon and o-ehelon type spaes. This also allows the general-
ization of the present onstrution to any abstrat topologial module E, as will be
disussed in a forthoming publiation.
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3 Generalized loally onvex spaes
Denition 3.1 The rextension of a loally onvex spae (E,P) is the fator
spae Gr(E,P) = Fr(E,P) /Kr(E,P) =
⋂
p∈P
Fr(E, p)
/ ⋂
p∈P
Kr(E, p).
Theorem 3.2 If (E,P) is a topologial algebra, i.e. ∀p ∈ P ∃p¯ ∈ P ∃C > 0∀x, y ∈
E : p(x y) ≤ C p¯(x) p¯(y), then Fr(E,P) is a subalgebra of E
N
, Kr(E,P) is an ideal
of Fr(E,P), and (dp,r)p∈P is a family of pseudo-distanes on Gr(E,P) making it a
Hausdo topologial algebra over Cr.
Proof. Lemma 2.1-(b) yields for f, g ∈ Fr, λ ∈ C, and p ∈ P : |||λf + g |||p ≤
max(||| f |||p, ||| g |||p), thus Fr and Kr are Clinear subspaes. Continuity of multiplia-
tion in (E,P) gives as in 2.1-(), ∀p ∈ P , ∃p¯ ∈ P : ||| f g |||p ≤ ||| f |||p¯ · ||| g |||p¯. Thus Fr
is a Csubalgebra of EN, and Kr an ideal of Fr. The inequalities also imply onti-
nuity of addition and multipliation, thus Fr is a topologial F|·|,ralgebra, and GP
is again the assoiated Hausdor spae. 
Example 3.3 The lassial simplied Colombeau algebra [1℄ is obtained for
rn =
1
log n and P =
{
pµν : f 7→ sup
|α|≤ν,|x|≤µ
|f (α)(x)|
}
µ,ν∈N
on E = C∞(Ω).
As a last generalization of the base spae, onsider a family of semi-normed
algebras (Eµν , p
µ
ν )µ,ν∈N with embeddings ∀µ, ν ∈ N : E
µ+1
ν →֒ E
µ
ν , E
µ
ν →֒ E
µ
ν+1
resp. Eµν+1 →֒ E
µ
ν . Let
−→
E = proj lim
µ→∞
ind lim
ν→∞
Eµν , resp.
←−
E = proj lim
µ→∞
proj lim
ν→∞
Eµν , and
assume that for all µ ∈ N the indutive limit is regular, i.e. a subset is bounded i
it is a bounded subset of (Eµν )
N
for some ν ∈ N. Now let
Fr(
−→
E ) =
{
f ∈
−→
E N
∣∣∣ ∀µ ∈ N, ∃ν ∈ N : f ∈ (Eµν )N ∧ ||| f |||pµν , r <∞
}
,
Fr(
←−
E ) =
{
f ∈
←−
E N | ∀µ, ν ∈ N : ||| f |||pµν , r < ∞
}
, and the obvious denition for
Kr(
←→
E ), where we write←→· for both, −→· and←−· . Then again, Gr(
←→
E ) = Fr(
←→
E ) /Kr(
←→
E )
is a topologial algebra for the respetive limit topology.
Example 3.4 In [6℄ we showed how to embed Gevery lass ultradistributions in
Colombeau algebras G(p!
m,p!m
′
) = Grm′ (E
(m)), G{p!
m,p!m
′
} = Grm′ (E
{m}), where rmn =
n
1
m
and E(m), E{m} are the projproj resp. projind limit type spaes of Beurling
resp. Roumieu ultradierentiable funtions, dened trough spaes on whih pm,µν (f) =
sup
|x|≤µ,α∈Ns
ν|α|
α!m
|f (α)(x)| resp. qm,µν = p
m,µ
1/ν are nite.
Denition 3.5 Consider the spaes Oλ of holomorphi funtions on Ωλ ={
z ∈ C | 1λ < |z| < λ
}
with nite norm qλ = ‖·‖L∞(Ωλ). Analyti funtions on the
unit irle are then A(T) = ind lim
λ→1
Oλ. Let
−→
E = ind lim
λ→1
(A1(T), q
λ), where
A1(T) = ind lim
m→1−
ind lim
ν→∞
{
f ∈ A(T) | ‖f (α)‖L∞(T) =α→∞
O(να α!m)
}
.
Then, rgeneralized hyperfuntions on T are dened as GH,r(T) = Gr(
−→
E ), quo-
tient spae of Fr(
−→
E ) =
⋃
λ>0
Fr(A1(T), q
λ) by Kr(
−→
E ) =
⋃
λ>0
Kr(A1(T), q
λ).
The same type of ultranorm an be used to haraterize generalized funtions f
on the unit irle by means of their Fourier oeients (f̂k)k ∈ C
Z
, for whih we
dene ||| (f̂k)k∈Z |||
±
r
= max
{
||| (f̂k)k∈N ||||·|,r , ||| (f̂−k)k∈N ||||·|,r
}
.
Fourier oeients of analyti funtions f ∈ A(T), Shwartz distributions
T ∈ E ′(T) and hyperfuntions H ∈ B(T) are haraterized by ||| (f̂k)k |||
±
(·)−1 < 1,
||| (T̂k)k |||
±
1/ log <∞, resp. ||| (Ĥk)k |||
±
(·)−1 ≤ 1.
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Proposition 3.6 ((Fourier haraterization)) The same spaes Fr(
−→
E ), Kr(
−→
E )
are obtained in the previous denition if qλ is replaed by q̂λ : f 7→ sup
k∈Z
λ|k||f̂k|.
Proof. If f ∈ Fr(
−→
E ), ||| f |||qλ,r < ∞, there is C > 0 suh that q
λ(fn)
rn < C for
all n. Cauhy's inequalities in Ωλ then give |fˆn(k)| ≤ q
λ(fn)λ
−|k|
, thus |fˆn(k)|
rn ≤
C λ−|k|rn for all k ∈ Z, whene ||| f |||qˆλ,r <∞. Conversely, if f ∈
−→
E N, ||| f |||qˆλ,r <∞,
we have qˆλ(fn)
rn < C for some C > 0 and all n, i.e. |fˆn(k)| < C
1/rnλ−|k| for all
k ∈ Z. Consequently, there isM > 0 suh that qλ(fn) ≤M C
1/rn
, thus ||| f |||qλ,r <∞.
The proof for K goes the same way. 
Convolution with molliers φn =
∑
|k|≤1/rn
zk allows to embed hyperfuntions
B(T) into GH,r(T), preserving the usual produt of A1(T) [6℄.
Proposition 3.7 ((Completeness)) Without assuming ompleteness of
←→
E ,
Fr(
←−
E ) is omplete, and Fr(
−→
E ) is sequentially omplete.
Proof. If (fm)m is a Cauhy sequene in Fr(
←−
E ), there are inreasing sequenes
(mµ), (nµ) ∈ N
N
suh that ∀µ ∈ N, ∀ k, ℓ ≥ mµ, lim sup
n→∞
pµµ
(
fkn − f
ℓ
n
)rn
< 12µ and
more preisely ∀ k, ℓ ∈ [mµ,mµ+1] ∀n ≥ nµ : p
µ
µ
(
fkn − f
ℓ
n
)rn
< 12µ . Let µ¯(n) =
sup {µ | nµ ≤ n }, and onsider the sequene f¯ = (f
mµ¯(n)
n )n. Then we have f
m → f¯
in Fr(
←−
E ). Indeed, for ε and pµ0ν given, take µ > µ0, ν suh that
1
2µ <
1
2ε. As p
µ
ν is
inreasing in both indies, we have for m ∈ [mµ+s,mµ+s+1]:
pµ0ν (f
m
n − f¯n)
rn ≤ pµµ(f
m
n − f
mµ+s+1
n )
rn +
∑µ¯(n)−1
µ′=µ+s+1 p
µ′
µ′(f
mµ′
n − f
mµ′+1
n )
rn .
For n > nµ+s, one has n ≥ nµ¯(n), thus p
µ0
ν (f
m
n − f¯n)
rn <
∑µ¯(n)
µ′=µ+s
1
2µ′
< 22µ < ε.
As Fr(
←−
E ) is a metrisable spae, this implies ompleteness.
For Cauhy nets in Fr(
−→
E ), we use that for all µ there is ν(µ) suh that pµν(µ) ≤ p
µ+1
ν(µ+1)
and pµν(µ) (f
m
n − f
p
n)
rn < εµ, where (εµ)µ dereases to zero. With this, we an prove
the sequential ompleteness of Fr(
−→
E ) by the same arguments as above. 
Remark 3.8 ((disreteness of indued topology)) In [6℄ we have shown that
a net (δn)n ∈
←→
E N suh that ∀ψ ∈
←→
E , limn→∞
∫
Rs
δn · ψ = ψ(0), annot be bounded
in
←→
E , under very weak assumptions. From this we dedue that the topology of any
algebra ontaining δ and
←→
E must indue the disrete topology on
←→
E .
4 Families of sales and asymptoti algebras
We now generalize the growth onditions. Consider a family r = (rm)m of sequenes
(rmn )n dereasing to zero as n→∞. Suppose that either
(I) ∀m ∈ N : rm = O(rm+1), or (II) ∀m ∈ N : rm+1 = O(rm).
Theorem 4.1 Dene Fr(
←→
E ) =
⋂
m∈NFrm(
←→
E ), Kr(
←→
E ) =
⋃
m∈NKrm(
←→
E ) in ase
(I), resp. Fr(
←→
E ) =
⋃
m∈NFrm(
←→
E ), Kr(
←→
E ) =
⋂
m∈NKrm(
←→
E ) in ase (II). Then
again, Gr(
←→
E ) = Fr(
←→
E ) /Kr(
←→
E ) is an algebra.
Proof. Using Krm(
←→
E ) · Frm(
←→
E ) ⊂ Krm(
←→
E ) and Theorem 2.7, it is easy to verify
that in both ases, Fr(
←→
E ) is a subalgebra and Kr(
←→
E ) is an ideal thereof. 
Example 4.2 For rmn = 1 if n ≤ m, 0 elsewhere, we get Egorov-type algebras.
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Denition 4.3 Let a = (am : N→ R+)m∈Z be an asymptoti sale, i.e. ∀m ∈ Z,
am+1 = o(am), a−m = 1/am and ∃M ∈ Z : aM = o(a
2
m). The asymptoti algebra
dened by a and a loally onvex algebra (E,P) is the fator spae A(a)(E,P) ={
f ∈ EN | ∃m ∈ Z ∀p ∈ P : p(f) = O(am)
}
{ f ∈ EN | ∀m ∈ Z ∀p ∈ P : p(f) = o(am) }
.
Example 4.4 (i) am(n) = n
−m
leads to Colombeau type generalized algebras.
(ii) am = 1/ exp
m
(m-fold iterated exp funtion) gives exponential algebras [2℄.
Theorem 4.5 For rmn = | log am(n)|
−1
, we have Gr(E,P) = A(a)(E,P).
Proof. If p(fn) < C am(n) = C e
1/rm
(for am > 1), then lim sup(p ◦ f)
rm < ∞
and f ∈ Fr(E,P). Conversely, if lim sup(p ◦ f)
1/| log am¯| < C then p ◦ f ≤ (am)
logC
,
(am, C > 1). Using the third property of sales, ∃M : p ◦ f = o(aM ).
Now onsider ∀m¯ : p ◦ f = o(am¯). Take m ∈ N. Then, for any q ∈ N, there is mˆ
suh that amˆ = o(am
q) and p ◦ f = o(amˆ) = o(am
q) = o((e−1/rm)q) = o((e−q)1/r
m
).
Therefore lim sup(p◦f)r
m
≤ e−q, and as q was arbitrary, we have ||| f |||p,rm = 0, thus
f ∈ Kr(E,P).
Finally assume ∀m¯ : lim sup p(fn)
rm¯ = 0, i.e. ∀C > 0 : (p ◦ f)1/| log am¯| = o(C), thus
p(f) = O(C| log am¯| = O(am¯
| logC|). Now for any m, let m¯ = m + 1 and C = 1/e.
Then p(f) = O(am¯) = o(am), as required. 
A seond kind of asymptoti algebras is of the form
A(a)(E,P) =
{
f ∈ EN | ∀σ < 0 ∀p ∈ P : p(f) = o(aσ)
}
{ f ∈ EN | ∃σ > 0 ∀p ∈ P : p(f) = o(aσ) }
,
where a = (aσ)σ∈R is a sale (i.e. ∀σ > ρ, aσ = o(aρ), et.), indexed by a real
number. As the subalgebra is here given as intersetion and the ideal as union of
sets, this ase is not overed by the previous one.
Proposition 4.6 For rm = 1| log a1/m| , we have A
(a)(E,P) = F ′r(P)/K
′
r(P), with
F ′r(P) = F
′
r(E,P) =
{
f ∈ EN | ∀m ∈ N ∀p ∈ P : ||| f |||p,rm ≤ 1
}
and
K′r(P) = K
′
r(E,P) =
{
f ∈ EN | ∃m ∈ N ∀p ∈ P : ||| f |||p,rm < 1
}
.
Example 4.7 aσ(n) = e
−nσ
gives algebras with infraexponential growth [3℄, of
partiular interest for embeddings of periodi hyperfuntions.
5 Funtorial properties
A map ϕ :
←→
E →
←→
F obviously extends anonially to Gr(ϕ) : Gr(
←→
E )→ Gr(
←→
F ) if for
all f ∈ Fr(
←→
E ) and k ∈ Kr(
←→
E ), we have
(F1) : ϕ(f) = (ϕ(fn))n ∈ Fr(
←→
F ) , and (F2) : ϕ(f + k)− ϕ(f) ∈ Kr(
←→
F ) .
Denition 5.1 The rextension of a map ϕ :
←→
E →
←→
F satisfying the above
onditions (F1), (F2), is dened as the map Gr(ϕ) : Gr(
←→
E ) → Gr(
←→
F ) suh that
[f ] 7→ ϕ(f) +Kr(
←→
F ), where f is any representative of [f ] = f +Kr(
←→
E ).
Example 5.2 Linear mappings ϕ of loally onvex vetor spaes (E,P) → (F,Q)
are ontinuous i ∀q ∈ Q ∃p ∈ P ∃c > 0 ∀x ∈ E : q(ϕ(x)) ≤ c p(x) .
Then, ∀f ∈ EN : |||ϕ(f) |||q,r ≤ ||| f |||p,r, whene (F1) and (F2), using linearity.
We onsider again a sequene of sales (rm) suh that rm+1 ≤
( ≥ )
rm. Let us denote
F+rm = Frm(R+, | · |) and K
+
rm = Krm(R+, | · |).
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Denition 5.3 In ase rm+1 ≤ rm, an inreasing map g : R+ → R+ is alled
rmoderate i ∀m ∈ N ∃M ∈ N : g(F+rm) ⊂ F
+
rM , and rompatible i it is
ontinuous at 0 and ∀M ∈ N ∃m ∈ N : h(K+rm) ⊂ K
+
rM
.
In ase rm+1 ≥ rm, the denitions hold with ∀m ∃M ↔ ∀M ∃m exhanged.
These notions allow to haraterize maps that extend anonially to Gr:
Denition 5.4 A map ϕ : (E,P)→ (F,Q) is ontinuously rtemperate i : (a)
there is an rmoderate funtion g suh that
∀q ∈ Q ∃p ∈ P ∀f ∈ E : q(ϕ(f)) ≤ g(p(f)),
and (b) there is an rmoderate funtion g and an rompatible funtion h
suh that ∀q ∈ Q ∃p ∈ P ∀f, k ∈ E : q(ϕ(f + k)− ϕ(f)) ≤ g(p(f))h(p(k)).
Theorem 5.5 Any ontinuously rtemperate map ϕ extends anonially to Gr(ϕ) :
Gr(E,P) → Gr(F,Q) , and this anonial extension is ontinuous for the topologies
indued by (||| · |||p,rm)p∈P,m∈N resp. (||| · |||q,rm)q∈Q,m∈N.
Proof. Condition (a) of Denition 5.4 implies (F1), and (b) gives (F2). We omit the
straightforward alulations, a bit lengthy in view of the four ases to be treated [4℄.
Continuity of Gr(ϕ) is obtained in the same way as (F2), replaing p(f) ∈ F
+
rm by
||| f |||p,m ≤ K, and p(k) ∈ K
+
rm by ||| k |||p,m ≤ ε. 
6 Assoiation in rgeneralized algebras
In several situations, e.g. when solving PDE, strong equality is impossible to obtain
or not needed, and approximation expressed by assoiation is suient.
Denition 6.1 Generalized numbers [x], [y] ∈ Cr are assoiated i x− y is a null
sequene, [x] ≈ [y] ⇐⇒ x − y ∈ N =
{
x ∈ CN | limx = 0
}
. For s ∈ R, they are
sassoiated, [x]
s
≈ [y], i x− y ∈ N (s) =
{
x ∈ CN | xn = o(e
−s/rn)
}
.
Remark 6.2 (i) The denition is well-posed sine Kr(C, |·|) ⊂ N .
(ii) We have N (s) = e−sr N , where er = (e
1
rn )n represents a positive unit of Cr.
(iii) All elements of the open unit ball are assoiated to zero, |||x ||||·|,r < 1 =⇒
x ∈ N , and x ∈ N =⇒ |||x ||||·|,r ≤ 1, but
1
rn
→
n→∞
∞ also veries ||| 1r ||||·|,r = 1.
Denition 6.3 If J is an additive subset of Fr(
←→
E ) ontaining Kr(
←→
E ), two elements
F,G ∈ Gr(
←→
E ) are J assoiated, F ≈
J
G, i F −G ∈ J /Kr(
←→
E ).
Proposition 6.4 If J is absolutely onvex, the relation ≈
J
is stable under multipli-
ation with elements of the losed unit ball.
Clearly, ≈
J
is ompatible with derivation i J is stable under dierentiation.
Denition 6.5 We all F,G ∈ Gr(E,P) strongly assoiated, F ≃ G, i ∀p ∈
P : dp,r (F,G) < 1. For any s ∈ R, strong sassoiation is dened as
F
s
≃ G ⇐⇒ ∀p ∈ P : dp,r (F,G) < e
−s ⇐⇒ F ≈
J (s)
G
where J (s) =
{
f ∈ EN | ∀p ∈ P : ||| f |||p,r < e
−s
}
=: B
(P)
e−s .
Remark 6.6 If F
s
≃ G for all s > 0, then F = G, beause
⋂
s>0 J
(s) = oGr(E,P).
In order to dene weak assoiation, notie that a ontinuous bilinear form
〈·, ·〉 :
←→
E ×D → C anonially extends to Gr(
←→
E )×D → Cr (f. Example 5.2). This
allows to dene, for any onvex subset M of Fr(C, | · |) ontaining 0Cr , subspaes J
of the form JM =
{
f ∈
←→
E N | ∀ψ ∈ D : 〈f, ψ〉 ∈M
}
.
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Denition 6.7 For M = N (s) resp. M = B
(|·|)
e−s , assoiation with respet to JM is
alled weak (s,D′) resp. strongweak (s,D)assoiation and is written F
s
≈
D
G
(⇐⇒ ∀ψ ∈ D : 〈F −G,ψ〉
s
≈ 0), resp. F
s
≃
D
G (⇐⇒ ∀ψ ∈ D : | 〈F −G,ψ〉 |r < e
−s
).
If s = 0, it is omitted from notation.
Example 6.8 In Colombeau's ase, [f ], [g] are weakly (s,D′)assoiated i ns(fn−
gn) → 0 in D
′(Ω). For ultradistributions and for periodi hyperfuntions, with D =
D(m), D = D{m} resp. D = A(T), this is a new onstrution.
Proposition 6.9 Strongweak (s,D)assoiation implies (s,D′)assoiation, whih
onversely implies strongweak (s′,D)assoiation only for all s′ < s.
Proof. This follows from |||x |||r < e
−s =⇒ x ∈ N (s) =⇒ |||x |||r < e
−s′
for s′ < s,
while a ounter-example for s′ = s an be built as in Remark 6.2. 
In a forthoming paper, we explain in detail how these onepts of assoiation
are useful in the ontext of regularity theory and miroloal analysis.
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